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4D	Flow	

Rela0ve	pressure	maps	from	4D	flow	

Navier-Stokes	
Equa0ons:	 ⇢f

@uf

@t
+ ⇢f(uf ·r)uf � µ�uf +rp = 0, in ⌦f ,

r · uf = 0, in ⌦f

Measurements	of	velocity	field		
Spa0al	resolu0on:	1.0-3.0	mm3	

Temporal	resolu0on:	20-60	ms	
Ideal	noise	around	10-20%	of	max.	velocity	

? 

IDEA: solve for 
pressure with velocities 
in right-hand-side 

Ebbers++’01,	Dona%++’15	
Svihlova++’15,	Bertoglio++’18	
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Courtesy	of	KCL	

INSTANTANEOUS	PRESSURE	
GRADIENT!	(NOT	PEAK-TO-PEAK)	



Rela0ve	pressure	es0ma0on	methods	

Un%l	2014:	solve	Laplace	equa%on	for	the	pressure	(PPE)	

In	2015:	two	new	methods	(STE,	WERP)	
In	2016:		improved	methods	@CMM	
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�p = �r · (⇢@tu� ⇢(u ·r)u+ µ�u)
<latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="HfQ+iqJ6L9SiIyfAdmuLJG7oHrg="></latexit><latexit sha1_base64="YU4HaJN6UKhDkvrtHBrmf2EZiho="></latexit><latexit sha1_base64="YU4HaJN6UKhDkvrtHBrmf2EZiho="></latexit><latexit sha1_base64="qUWw6uoLuDvPoatgu3MtlLAlKSk="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit><latexit sha1_base64="vTWlI7YmvjECCdjYoylpKkPxnJw="></latexit>

Ebbers++	’01,	KriZan++’12	

2015-18:	other	methods,	but	best	performing	is		
																	“Stokes	es%mator”	(STE)	 Svihlova++’15	

��w +rp = �⇢@tu� ⇢(u ·r)u+ µ�u
r ·w = 0

<latexit sha1_base64="0MvZnCriQ5Zr5rqHGCdwx6Mz6Po="></latexit><latexit sha1_base64="0MvZnCriQ5Zr5rqHGCdwx6Mz6Po="></latexit><latexit sha1_base64="0MvZnCriQ5Zr5rqHGCdwx6Mz6Po="></latexit><latexit sha1_base64="0MvZnCriQ5Zr5rqHGCdwx6Mz6Po="></latexit>

Pressure	is	now	in		 as	in	the	Navier-Stokes	equa%ons	
w = 0 on @⌦

<latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="UFAW5JWa81cI4i4kHnHXqE6ul6k="></latexit><latexit sha1_base64="ZVnX56EYXdNMHd/otouIn6Gg/F4="></latexit><latexit sha1_base64="Enc9ayxkjQwJUtO7+T5PpA0NMss="></latexit><latexit sha1_base64="pkiG8OpOy1hQ5nBwiZuFf8yyXnk="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit><latexit sha1_base64="ve8I5EtQFJHOfLmBDfrWN9VHA+8="></latexit>

Pressure	is	now	``too	regular”	(hence,	may	be	underes%mated)	

			Problem	consistent	with	Navier-Stokes	
													è	Convergence	analysis,	cost/effec%ve	discre%za%on	

Araya,	Bertoglio,	Cárcamo			
	 	 	 	 	 	(preprint	soon)	



Experimental	valida0on	

Nolte++	Valida3on	of	4D	flow	based	rela3ve	pressure	maps	in	the	aorta	
															(under	review,	preprint	available)	
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Experiments	from	PUC	(Urbina++	2016)	

(with	C.	Cárcamo,	R.	Araya)	



Pa0ent	valida0on	
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Problem:	sensi4ve	to	data	perturba4ons!	

Theore0cal	proof	ongoing	…	 (with	C.	Cárcamo,	R.	Araya)	

Nolte++	Valida3on	of	4D	flow	based	rela3ve	pressure	maps	in	the	aorta	
															(under	review,	preprint	available)	
		

Peak-to-peak:	20	mmHg	 Peak-to-peak:	2	mmHg	



Clinical	poten0al	of	pressure	maps	

19 

(with	C.	Cárcamo,	R.	Araya)	

+	Pressure	maps	
(“catheterize	aferwards”)	
+	Low	gradient	problems	
(viscous	dominated)	
+	Few	seconds	for	clinically	
relevant	resolu%ons	
+	Challenge:	peak-to-peak	
from	minimal	cath?	

		

Nolte++	Valida3on	of	4D	flow	based	rela3ve	pressure	maps	in	the	aorta	
															(under	review,	preprint	available)	
		



Dual/Mul0-VENC	reconstruc0ons	
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Noise	
Aliasing	

	Problem	if	low	and	high	
veloci0es	coexist	



The	problems	of	phase-contrast	MRI	

Example	with	volunteer	data	(ascending	aorta)	
Carrillo	et	al.,	in	prep	
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Problem:	noise	in	velocity	grows	with	 venc < u

Average	of	3	scan	
repe00ons	

venc = 100
<latexit sha1_base64="+BJg83n+Eoce3CSV0RE0eHKH15o=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnoQil48VnBtoV1KNn1tQ7PZNckWytI/4cWDild/jzf/jWm7B20dCAwz75E3EyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMc3k79xgiV5rF8MOMEg4j2Je9xRo2VmiOU7Npz3U654lbdGcgy8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFJqpxoTyoa0jy1LJY1QB9ns3gk5sUqX9GJlnzRkpv7eyGik9TgK7WREzUAvelPxP6+Vmt5lkHGZpMYGm3/USwUxMZmGJ12ukBkxtoQyxe2thA2ooszYikq2BG8x8jLxz6pXVe/+vFK7ydsowhEcwyl4cAE1uIM6+MBAwDO8wpvz5Lw4787HfLTg5DuH8AfO5w9q048Y</latexit><latexit sha1_base64="+BJg83n+Eoce3CSV0RE0eHKH15o=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnoQil48VnBtoV1KNn1tQ7PZNckWytI/4cWDild/jzf/jWm7B20dCAwz75E3EyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMc3k79xgiV5rF8MOMEg4j2Je9xRo2VmiOU7Npz3U654lbdGcgy8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFJqpxoTyoa0jy1LJY1QB9ns3gk5sUqX9GJlnzRkpv7eyGik9TgK7WREzUAvelPxP6+Vmt5lkHGZpMYGm3/USwUxMZmGJ12ukBkxtoQyxe2thA2ooszYikq2BG8x8jLxz6pXVe/+vFK7ydsowhEcwyl4cAE1uIM6+MBAwDO8wpvz5Lw4787HfLTg5DuH8AfO5w9q048Y</latexit><latexit sha1_base64="+BJg83n+Eoce3CSV0RE0eHKH15o=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnoQil48VnBtoV1KNn1tQ7PZNckWytI/4cWDild/jzf/jWm7B20dCAwz75E3EyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMc3k79xgiV5rF8MOMEg4j2Je9xRo2VmiOU7Npz3U654lbdGcgy8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFJqpxoTyoa0jy1LJY1QB9ns3gk5sUqX9GJlnzRkpv7eyGik9TgK7WREzUAvelPxP6+Vmt5lkHGZpMYGm3/USwUxMZmGJ12ukBkxtoQyxe2thA2ooszYikq2BG8x8jLxz6pXVe/+vFK7ydsowhEcwyl4cAE1uIM6+MBAwDO8wpvz5Lw4787HfLTg5DuH8AfO5w9q048Y</latexit><latexit sha1_base64="+BJg83n+Eoce3CSV0RE0eHKH15o=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnoQil48VnBtoV1KNn1tQ7PZNckWytI/4cWDild/jzf/jWm7B20dCAwz75E3EyaCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMc3k79xgiV5rF8MOMEg4j2Je9xRo2VmiOU7Npz3U654lbdGcgy8XJSgRz1Tvmr3Y1ZGqE0TFCtW56bmCCjynAmcFJqpxoTyoa0jy1LJY1QB9ns3gk5sUqX9GJlnzRkpv7eyGik9TgK7WREzUAvelPxP6+Vmt5lkHGZpMYGm3/USwUxMZmGJ12ukBkxtoQyxe2thA2ooszYikq2BG8x8jLxz6pXVe/+vFK7ydsowhEcwyl4cAE1uIM6+MBAwDO8wpvz5Lw4787HfLTg5DuH8AfO5w9q048Y</latexit>venc = 225
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u =
'G1 � 'G2

⇡
venc(G1, G2)

<latexit sha1_base64="I6KAmUJx/00Who86NODbXgVVxk8=">AAACJHicbVBLSwMxGMzWV62vVY9egkWooGW3FFREKHrQYwX7gO66ZNNsG5p9kGQLZdkf48W/4sWDDzx48beYtnuorQOBycz3kcy4EaNCGsa3lltaXlldy68XNja3tnf03b2mCGOOSQOHLORtFwnCaEAakkpG2hEnyHcZabmDm7HfGhIuaBg8yFFEbB/1AupRjKSSHP0yhlfQ8jjCiTVEPOrTx+TWMVN4CmfulTRNrIjCdEgCXFL+idKOHb1olI0J4CIxM1IEGeqO/mF1Qxz7JJCYISE6phFJO0FcUsxIWrBiQSKEB6hHOooGyCfCTiYhU3iklC70Qq5OIOFEnd1IkC/EyHfVpI9kX8x7Y/E/rxNL79xOaBDFUqWbPuTFDMoQjhuDXcoJlmykCMKcqr9C3EeqMal6LagSzPnIi6RZKZvV8sV9tVi7zurIgwNwCErABGegBu5AHTQABk/gBbyBd+1Ze9U+ta/paE7LdvbBH2g/v7xxo6A=</latexit>



The	problems	of	phase-contrast	MRI	

But!	Aliasing	when																	true	velocity	

Example	with	volunteer	data	(ascending	aorta)	
Carrillo	et	al.,	in	prep	

venc = 150 venc = 100
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venc = 75

venc < u
<latexit sha1_base64="P0M9XYW2XO88z5cU9YGj/vG6dMQ=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7Irggoeil48VnBtoV1KNk3b0Gx2Td4WytI/4cWDild/jzf/jWm7B20dCAwz75E3EyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHk2casZ9FstYN0NquBSK+yhQ8maiOY1CyRvh8HbqN0ZcGxGrBxwnPIhoX4meYBSt1Bxxxcg1STvlilt1ZyDLxMtJBXLUO+WvdjdmacQVMkmNaXlugkFGNQom+aTUTg1PKBvSPm9ZqmjETZDN7p2QE6t0SS/W9ikkM/X3RkYjY8ZRaCcjigOz6E3F/7xWir3LIBMqSdEGm3/USyXBmEzDk67QnKEcW0KZFvZWwgZUU4a2opItwVuMvEz8s+pV1bs/r9Ru8jaKcATHcAoeXEAN7qAOPjCQ8Ayv8OY8OS/Ou/MxHy04+c4h/IHz+QOfa487</latexit><latexit sha1_base64="P0M9XYW2XO88z5cU9YGj/vG6dMQ=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7Irggoeil48VnBtoV1KNk3b0Gx2Td4WytI/4cWDild/jzf/jWm7B20dCAwz75E3EyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHk2casZ9FstYN0NquBSK+yhQ8maiOY1CyRvh8HbqN0ZcGxGrBxwnPIhoX4meYBSt1Bxxxcg1STvlilt1ZyDLxMtJBXLUO+WvdjdmacQVMkmNaXlugkFGNQom+aTUTg1PKBvSPm9ZqmjETZDN7p2QE6t0SS/W9ikkM/X3RkYjY8ZRaCcjigOz6E3F/7xWir3LIBMqSdEGm3/USyXBmEzDk67QnKEcW0KZFvZWwgZUU4a2opItwVuMvEz8s+pV1bs/r9Ru8jaKcATHcAoeXEAN7qAOPjCQ8Ayv8OY8OS/Ou/MxHy04+c4h/IHz+QOfa487</latexit><latexit sha1_base64="P0M9XYW2XO88z5cU9YGj/vG6dMQ=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7Irggoeil48VnBtoV1KNk3b0Gx2Td4WytI/4cWDild/jzf/jWm7B20dCAwz75E3EyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHk2casZ9FstYN0NquBSK+yhQ8maiOY1CyRvh8HbqN0ZcGxGrBxwnPIhoX4meYBSt1Bxxxcg1STvlilt1ZyDLxMtJBXLUO+WvdjdmacQVMkmNaXlugkFGNQom+aTUTg1PKBvSPm9ZqmjETZDN7p2QE6t0SS/W9ikkM/X3RkYjY8ZRaCcjigOz6E3F/7xWir3LIBMqSdEGm3/USyXBmEzDk67QnKEcW0KZFvZWwgZUU4a2opItwVuMvEz8s+pV1bs/r9Ru8jaKcATHcAoeXEAN7qAOPjCQ8Ayv8OY8OS/Ou/MxHy04+c4h/IHz+QOfa487</latexit><latexit sha1_base64="P0M9XYW2XO88z5cU9YGj/vG6dMQ=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7Irggoeil48VnBtoV1KNk3b0Gx2Td4WytI/4cWDild/jzf/jWm7B20dCAwz75E3EyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHk2casZ9FstYN0NquBSK+yhQ8maiOY1CyRvh8HbqN0ZcGxGrBxwnPIhoX4meYBSt1Bxxxcg1STvlilt1ZyDLxMtJBXLUO+WvdjdmacQVMkmNaXlugkFGNQom+aTUTg1PKBvSPm9ZqmjETZDN7p2QE6t0SS/W9ikkM/X3RkYjY8ZRaCcjigOz6E3F/7xWir3LIBMqSdEGm3/USyXBmEzDk67QnKEcW0KZFvZWwgZUU4a2opItwVuMvEz8s+pV1bs/r9Ru8jaKcATHcAoeXEAN7qAOPjCQ8Ayv8OY8OS/Ou/MxHy04+c4h/IHz+QOfa487</latexit>



Phase	aliasing	

•  If																													then																											

Reformula0on	of	velocity	es4ma4on	as	an	inverse	problem	
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venc1,2 > u

'̂G1 � '̂G2 < ⇡

k 2 Z
ûk =

'̂G1 � '̂G2+2⇡k

⇡
venc1,2

ûk=0 is	the	correct	solu0on!	

venc1,2 < u•  If	

'̂G1 � '̂G2 > ⇡

We	need	more	
informa4on	for	finding	k	



Standard	dual-venc	reconstruc0on	(SDV)	

Goal:	Improve	velocity/noise	with	addi0onal	measurement	
Reformula0on	of	velocity	es4ma4on	as	an	inverse	problem	

Dual-venc	

30 

Carrillo++	in	prep	

venc = 150 venc = 100

High	venc	 Low	venc	

S0ll	large												needed!	venc > u
Lee	et	al	1995,	Schnell	et	al	2017	



Op4mal	dual-venc	reconstruc0on	(ODV)	

Aliasing-free	es0ma0on	when		

venc = 100

Reformula0on	of	velocity	es4ma4on	as	an	inverse	problem	

Dual-venc	
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venc < u

Carrillo++	in	prep	

venc = 75

Automa4cally	chosen		
by	the	MRI	scanner!	

High	venc	 Low	venc	

Op3mal	Dual-VENC	(ODV)	unwrapping	in	Phase-Contrast	MRI	
H.	Carrillo,	A.	Osses,	S.	Uribe,	C.	Bertoglio.	IEEE	Trans.	Medical	Imaging,	2019	
		



Example	in	pulmonary	artery	
With	Tineke	Willems	(Groningen	Medical	Center)	



Clinical	poten0al	of	dual/mul0-VENC	
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(with	C.	Cárcamo,	R.	Araya)	

+	Straighlorward	extension	to	mul3-VENC		
	
+	Efficient	VNR	improvements	+	robustness	(shorter	examina%ons?)	
	
	
	

Standard	averaging	 Mul%-VENC	

Ongoing:	“clever”	extension	to	4D	flow	

Op3mal	mul3ple	mo3on	encoding	(OMME)	in	Phase-Contrast	MRI	(under	review)	



Thanks!	Ques0ons?	

c.a.bertoglio@rug.nl 

www.math.rug.nl/~bertoglio 


